We propose a notion of a pluri-Lagrangian problem, which should be understood as an analog of multi-dimensional consistency for variational systems. This is a development along the line of research of discrete integrable Lagrangian systems initiated in 2009 by Lobb and Nijhoff, however having its more remote roots in the theory of pluriharmonic functions, in the Z-invariant models of statistical mechanics and their quasiclassical limit, as well as in the theory of variational symmetries going back to Noether. A d-dimensional pluri-Lagrangian problem can be described as follows: given a d-form L on an m-dimensional space (called multi-time, m > d), whose coefficients depend on a sought-after function x of m independent variables (called field), find those fields x which deliver critical points to the action functionals S Σ = Σ L for any d-dimensional manifold Σ in the multi-time. We derive the main building blocks of the multi-time Euler-Lagrange equations for a discrete pluri-Lagrangian problem with d = 2, the so called corner equations, and discuss the notion of consistency of the system of corner equations. We analyze the system of corner equations for a special class of three-point 2-forms, corresponding to integrable quad-equations of the ABS list. This allows us to close a conceptual gap of the work by Lobb and Nijhoff by showing that the corresponding 2-forms are closed not only on solutions of (non-variational) quad-equations, but also on general solutions of the corresponding corner equations. We also find an example of a pluri-Lagrangian system not coming from a multidimensionally consistent system of quad-equations.
Introduction
In the last decade, a new understanding of integrability of discrete systems as their multi-dimensional consistency has been a major breakthrough [10] , [21] . This led to classification of discrete 2-dimensional integrable systems (ABS list) [2] , which turned out to be rather influential. According to the concept of multi-dimensional consistency, integrable two-dimensional systems can be imposed in a consistent way on all two-dimensional sublattices of a lattice Z m of arbitrary dimension. This means that the resulting multidimensional system possesses solutions whose restrictions to any two-dimensional sublattice are generic solutions of the corresponding two-dimensional system. To put this idea differently, one can impose the two-dimensional equations on any quad-surface in Z m (i.e., a surface composed of elementary squares), and transfer solutions from one such surface to another one, if they are related by a sequence of local moves, each one involving one three-dimensional cube, like the moves shown of A further fundamental conceptual development was initiated by Lobb and Nijhoff [18] and deals with variational (Lagrangian) formulation of discrete multi-dimensionally consistent systems. Solutions of any ABS equation on any quad surface Σ in Z m are critical points of a certain action functional S Σ = Σ L obtained by integration of a suitable discrete Lagrangian 2-form L. Lobb and Nijhoff observed that the value of the action functional remains invariant under local changes of the underlying quad-surface, and suggested to consider this as a defining feature of integrability. Their results, found on the case-by-case basis for some equations of the ABS list, have been extended to the whole list and were given a more conceptual proof in [12] (generalized for asymmetric systems of quad-equations in [15] ). Subsequently, this research was generalized in various directions: for multi-field two-dimensional systems [19] , for dKP, the fundamental three-dimensional discrete integrable system [20] , and for the discrete time Calogero-Moser system, an important one-dimensional integrable system [26] . Based on the latter example, a general theory of multi-time one-dimensional Lagrangian systems has been developed by one of us [25] . It was demonstrated that, both in the continuous and in the discrete time, the property that the solutions deliver critical points for actions S Γ = Γ L along arbitrary curves Γ in the multi-time, is characteristic for commutativity of Hamiltonian flows in the continuous situation and of symplectic maps in the discrete situation. This property yields that the exterior derivative of the multi-time Lagrangian 1-form is constant, dL = const. Vanishing of this constant (i.e., closedness of the Lagrangian 1-form) was shown to be related to integrability in the following, more strict, sense: -in the continuous time situation, dL = 0 is equivalent for the Hamiltonians of the commuting flows to be in involution,
-in the discrete time situation, for one-parameter families of commuting symplectic maps, dL = 0 is equivalent to the spectrality property, introduced by Kuznetsov and Sklyanin [17] , which says that the derivative of the Lagrangian with respect to the parameter of the family is a generating function of common integrals of motion for the whole family.
An application of this general theory to integrable Toda-type systems and their Bäcklund transformations was given in our recent paper [13] .
Thus, the original idea of Lobb and Nijhoff can be summarized as follows: solutions of integrable systems deliver critical points simultaneously for actions along all possible manifolds of the corresponding dimension in multi-time; the Lagrangian form is closed on solutions. This idea is, doubtless, rather inventive (not to say exotic) in the framework of the classical calculus of variations. However, it has significant precursors. These are:
• Theory of pluriharmonic functions and, more generally, of pluriharmonic maps [24, 23, 16] . By definition, a pluriharmonic function of several complex variables
any holomorphic curve in its domain Γ : C → C m . Differential equations governing pluriharmonic functions (and maps) are heavily overdetermined. Therefore it is not surprising that they belong to the theory of integrable systems.
• Baxter's Z-invariance of solvable models of statistical mechanics [5, 6] . This concept is based on invariance of the partition function of solvable models under elementary local transformations of the underlying planar graph. It is well known (see, e.g., [9] ) that one can associate the planar graphs underling these models with quad-surfaces in Z m . On the other hand, the classical mechanical analogue of the partition function is the action functional. This makes the relation of Z-invariance to the concept of closedness of the Lagrangian 2-form rather natural, at least at the heuristic level. Moreover, this relation has been made mathematically precise for a number of models, through the quasiclassical limit, in the work of Bazhanov, Mangazeev, and Sergeev [7, 8] .
• The classical notion of variational symmetries, going back to the seminal work of E. Noether [22] , turns out to be directly related to the idea of the closedness of the Lagrangian form in the multi-time. We plan to elucidate this in a forthcoming publication.
Especially the relation with the pluriharmonic functions motivates us to introduce a novel term to describe the situation we are interested in, namely: given a d-form L in the m-dimensional space (d < m), depending on a sought-after function u of m variables, one looks for functions u which deliver critical points to actions S Σ = Σ L corresponding to any d-dimensional manifold Σ. We call this a pluri-Lagrangian problem and claim that integrability of variational systems should be understood as the existence of the pluri-Lagrangian structure. We find this term much more concrete and suggestive than the neutral one "Lagrangian multiform structure" used in the pioneering publications by Lobb and Nijhoff with co-authors. We envisage that this notion will play a very important role in the future development of the theory of integrable systems.
However, apart from giving a precise definition and a detailed discussion of discrete pluri-Lagrangian systems, which is done in Section 3, the concrete goals of the present paper are more modest. We provide the reader with a more concrete motivation for the present study in Section 2. Then, in Section 4 we consider pluri-Lagrangian systems which serve as a truly variational generalization of integrable quad-equations. Finally, in Section 5 we show that there exist discrete pluri-Lagrangian systems which cannot be derived from quad-equations.
Motivation
The motivation for the present study comes from the the desire to answer the following two long-standing questions. Problem 1. Do discrete Laplace-type systems type exhibit some multi-dimensionally consistency?
Recall that an important instance of integrable Laplace-type systems are discrete relativistic Toda-type systems
Here, the tilde denotes the shift in the discrete time, which is the second coordinate direction on the lattice Z 2 , the first one being represented by the index k. This equation is illustrated in Fig. 2 . See [1, 4, 14] for details. Systems of this kind can be considered as variational systems on the regular triangular lattice coming from the following action functional:
Here we switched to the notation which will be mainly used throughout the paper: x 1 , x 2 denote the shifts of the field x in the 1st, resp. the 2nd coordinate direction of Z 2 . Despite a rather complete understanding of relations between integrable Laplace-type systems and integrable (multi-dimensionally consistent) systems of quad-equations (cf. [10, 4, 14] ), the question whether Laplace-type systems themselves possess any property of the kind of multi-dimensional consistency, resisted our understanding for quite a long time. Already the very first step in answering this question is far from obvious: what should be the combinatorial structures supporting a multi-dimensional extension of a discrete Laplace type system, for instance, of a system on the regular triangular lattice of Fig. 2 ?
Figure 2: Regular triangular lattice underlying discrete relativistic Toda-type systems; one-index notation is used, the shift in the second coordinate direction (discrete time) being denoted by tilde Problem 2. What are the natural conditions for the validity of the closure relation for action in multi-dimensions? Recall that the main idea of the paper [18] was to extend the functional (1) to quadsurfaces Σ in the multidimensional square lattice according to the formula
where the discrete Lagrangian 2-form L assigns to each oriented elementary square σ ij = (n, n + e i , n + e i + e j , n + e j ) the number L(σ ij ) = L ij (x, x i , x j ). The main result, discovered in [18] for a part of the ABS list and proven in [12] for the whole ABS list and in [15] for asymmetric systems of quad-equations, states that for any consistent system of quad-equations on Z m , the Lagrangian 2-form L satisfies the following closure relation on solutions of quad-equations:
One feature of this important result is, however, not completely satisfying. The action S Σ provides only a weak Lagrangian formulation of quad-equations. This means that EulerLagrange equations for the action functional S Σ are mere consequences of quad equations. One cannot derive quad-equations from the Euler-Lagrange equations for S Σ . In other words, solutions of quad-equations constitute a rather small subset of solutions of the Euler-Lagrange equations for the action functional S Σ . Thus, it would be conceptually appealing to prove the closure relation on solutions of the Euler-Lagrange equations for an arbitrary surface Σ. For this, again the very first step should consist in a convenient description of the full set of the variational equations for all quad-surfaces Σ.
A solution for both problems mentioned here is provided in the next section and consists in the introduction of the concept of pluri-Lagrangian problems (Definition 1) and in the finding a compact form of the full system of variational equations for such problems (Definition 4).
3 Pluri-Lagrangian systems
• Let L be a discrete 2-form, i.e., a real-valued function of oriented elementary squares
Usually, we will assume that it depends on some field assigned to the points of Z m , that is, on some x : Z m → X (X being some vector space).
• To an arbitrary oriented quad-surface Σ in Z m with a topology of a disk, there corresponds the action functional, which assigns to x| V (Σ) , i.e., to the fields at the vertices of the surface Σ, the number
• We say that the field x :
Equations (3) are called discrete Euler-Lagrange equations for the action S Σ (or just for the surface Σ, if it is clear which 2-form L we are speaking about).
• We say that the field x : Z m → X solves the pluri-Lagrangian problem for the Lagrangian 2-form L if, for any quad-surface Σ in Z m , the restriction x| V (Σ) is a critical point of the corresponding action S Σ .
Since the combinatorics of a quad-surface Σ around its generic interior point n can be rather complicated, it might seem that a general study of discrete Euler-Lagrange equations is a rather hopeless enterprize. We will show, however, that this is not the case, namely, that all Euler-Lagrange equations can be built from some elementary building blocks.
Definition 2. (3D-corner) A 3D-corner is a quad-surface consisting of three elementary squares adjacent to a vertex of valence 3.
This definition is illustrated in Fig. 3 .
Lemma 3. The flower of any interior vertex of an oriented quad-surface in Z m can be represented as a sum of (oriented) 3D-corners in Z m+1 . n n + e k n + e i n + e j (a) 3D-corner at n n n + e i n + e i + e k n + e i + e j (b) 3D-corner at n + ei n + e i n + e i + e j n + e i + e j + e k n + e j (c) 3D-corner at n+ei +ej Proof. Consider the flower of an interior vertex n of Σ. Over each elementary square (petal) of the flower, we can build a 3D-corner spanned by the two edges of this petal adjacent to n and the edge (n, n + e m+1 ) of an additional coordinate direction. The orientation of this 3D-corner is induced by the orientation of the corresponding elementary square of Σ. Then, obviously, the "vertical" squares coming from two successive petals of the flower carry opposite orientations, so that all "vertical" squares cancel away from the sum of the oriented 3D-corners. The construction is illustrated by the case of a four-petal flower in Fig. 4 .
(b) The extension of the flower into an additional coordinate direction Figure 4 : A planar four-petal flower and its decomposition into a sum of four 3D-corners
As a consequence, the action for any flower can be represented as a sum of actions for several 3D-corners. Thus, the Euler-Lagrange equation for any interior vertex n of Σ can be decomposed into a sum of several Euler-Lagrange equations for 3D-corners. This justifies the following fundamental definition.
Definition 4. (System of corner equations)
The system of corner equations for a given discrete 2-form L consists of discrete Euler-Lagrange equations for all possible 3D-corners in Z m . If the action for the surface of an oriented elementary cube σ ijk of the coordinate directions i, j, k (which can be identified with the discrete exterior derivative dL evaluated at σ ijk ) is denoted by
then the system of corner equations consists of the eight equations
for each triple i, j, k. Symbolically, this can be put as δ(dL) = 0, where δ stands for the "vertical" differential (differential with respect to the dependent field variables x).
Thus, the system of corner equations encompasses all possible discrete Euler-Lagrange equations for all possible quad-surfaces Σ. In other words, solutions of a pluri-Lagrangian problem as introduced in Definition 1 are precisely solutions of the corresponding system of corner equations.
Remark. We formulated the system of corner equations for a generic 2-form L. In particular cases the quantity S ijk could be independent on some of the fields at the corners of the cube. Then the system of corner equations (5) could contain less equations. An example of such a situation will be studied in detail in the next section.
Of course, in order that the above definition be meaningful, the system of corner equations has to be consistent. Indeed, the system of corner equations (5) for one elementary cube is heavily overdetermined. It consists of eight equations, each one connecting seven fields out of eight. Any six fields can serve as independent data, then one can use two of the corner equations to compute the remaining two fields, and the remaining six corner equations have to be satisfied identically. This justifies the following definition. The main feature of our definition is that the "almost closedness" of the 2-form L on solutions of the system of corner equations is, so to say, built-in from the outset. One should compare the proof of the following theorem with similar proofs in [12, 25] .
Theorem 6. For any triple of the coordinate directions i, j, k, the action S ijk over an elementary cube of these coordinate directions is constant on solutions of the system of corner equations (5):
Proof. On the connected six-dimensional manifold of solutions, the gradient of S ijk considered as a function of eight variables, vanishes by virtue of (5).
The most interesting case is, of course, when all c ijk = 0. Then one can say that dL = 0, i.e., the discrete 2-form L is closed on solutions of the system of corner equations.
System of corner equations for a three-point 2-form corresponding to integrable quad-equations
The main class of examples we consider in this paper is characterized by the following ansatz for the discrete 2-form L:
for each elementary square σ ij = (n, n + e i , n + e i + e j , n + e j ). Of course, the function Λ should satisfy Λ(x, y; α, β) = −Λ(y, x; β, α) to ensure the skew-symmetry property L(σ ji ) = −L(σ ij ). Note that this is the general structure of the discrete 2-form used in [18, 12] to describe the Lagrangian structure of integrable quad-equations of the ABS list. With minor modifications, results of the present section can be extended to asymmetric systems of quad-equations studied in [15] . We stress again that quad-equations are not variational; rather, discrete Euler-Lagrange equations for the 2-forms given in [18, 12] are consequences of quad-equations. The main result of [18, 12] says that the discrete 2-forms L are closed on solutions of the corresponding quad-equations. We now turn to the intrinsically Lagrangian generalization of this statement.
First of all, we mention that for a three-point 2-form (6), the action S ijk over the surface of an elementary cube specializes to
Thus, S ijk depends on neither x nor x ijk , so that its domain of definition is better visualized as an octahedron shown in Fig. 5 . The system of corner equations for L consists of six equations for each elementary cube: for the vertices x and x ijk there are no equations, while for the vertices x i and x ij we have the following four-leg, five-point equations:
Here, we introduced the notation ψ(x, y; α) = ∂L(x, y; α) ∂x , φ(x, y; α, β) = ∂Λ(x, y; α, β) ∂x .
These equations are illustrated in Fig. 6 . The notion of consistency of the system of corner equations has to be modified in the present case as follows. One can take any four of the six fields as independent initial data. Then two of the corner equations can be used to determine the two remaining fields, and then the four remaining corner equations have to be satisfied identically. We see that formally Definition 5 can be kept literally the same.
In Fig. 7 , we translate geometric considerations of Fig. 4 to the level of equations, showing how the sum of four corner equations for a three-point 2-form yields a planar equation of the relativistic Toda type (cf. also Fig. 2) . Now we can take action functionals given in [18, 12] for consistent systems of quadequations and consider the corresponding systems of corner equations. We remark that the corner equations within one cube do not know anything about the fields x and x ijk . In particular, quad-equations do not have to be satisfied (no equation of the type (E i ) or (E ij ) contains 4 vertices of an elementary square). Effectively, this means that in [18, 12] one considered these same systems, but only a very restricted class of solutions thereof, satisfying quad-equations on all squares. Here, we are interested in general solutions. To phrase this on the more concrete level of equations, we observe that each of the corner equations (E i ), (E ij ) is a difference of the corresponding three-leg forms of two quad-equations. For instance, equation
which are three-leg forms, centered at x i , of the quad-equations on the elementary squares (x, x i , x ij , x j ), resp. (x, x i , x ik , x k ). Now we do not require that these three-leg equations hold, but only that their four-leg difference is satisfied.
Theorem 7.
For the discrete 2-forms L given in [18, 12] for multi-dimensionally consistent quad-equations of the ABS list, the corresponding systems of corner equations are consistent, as well. Moreover, the 2-form L is closed on solutions of the corner equations.
Proof. Consider initial data at four out of six vertices of an elementary 3D cube with one or two indices. For the sake of concreteness, let them be the values x i , x j , x ij , x ik . Find the other two by using two of the corner equations. In our example these should be equations (E i ) delivering x k and (E ij ) delivering x jk . Now we define an auxiliary field x by requiring that the quad-equation on the face (x, x i , x ij , x j ) be fulfilled. In other words, equation (8) is used to define x. Note that this value x is "alien" in the sense that it has nothing to do neither with the solution of the system of corner equations (which does not contain the corner equation at the vertex x corresponding to the 3D cube under consideration) nor with the solution of discrete Euler-Lagrange equations for any 2D surface, even if it contains the vertex x. This "alien" value of x satisfies also the quad-equation on the face (x, x i , x ik , x k ) in its three-leg form (9), as it follows from the comparison of the four-leg corner equation (E i ) with the three-leg equation (8) . Now, the "alien" value x together with the values x i , x j , x k , yields, due to the 3D consistency of the system of quad-equations, a solution of the latter on the 3D cube. We show that the restriction of this solution to the vertices with one or two indices satisfies all corner equations of our system. Indeed, from the three-leg forms of the quad-equations on the faces adjacent to x, centered at x j , x k , we see that the corner equations (E j ), (E k ) are satisfied, as well. Analogously, from the three-leg forms of the quad-equations on the faces adjacent to x ijk , centered at the vertices with two indices, we see that all three corner equations at the vertices with two indices are also fulfilled. As for the second claim (closedness of the form L), it follows from Theorem 6 that the quantities S ijk are constant on solutions of the corner equations. The values of the constants c ijk can be determined on any solution. For solutions which satisfy the corresponding quad-equations, these constants are equal to zero by results of [18, 12] .
We will show that consistency of some of the systems of corner equations of Theorem 7 has another spectacular manifestation. For this, we start with the following observation.
Proposition 8. Solutions of quad-equations of the types Q1, Q3 δ=0 , H1, H2, H3 on an elementary 3D cube satisfy octahedron relations, i.e., relations of the type
which do not involve x and x ijk .
Proof. By inspection of the following list. Octahedron relations are obtained by adding/ multiplying three equations adjacent to x in the form given in the list.
octahedron relation:
Q1 δ=1 , shifted cross-ratio equation:
Q3 δ=0 , hyperbolic shifted cross-ratio equation:
H1, discrete KdV equation:
H3, Hirota equation:
Observe that all these octahedron relations are (up to simple transformations of dependent variables) instances of the list of integrable 3D octahedron equations classified in [3] . However, not all items of the list show up in the present context, namely, only (χ 2 ) and (χ 3 ).
Corollary 9. For the discrete 2-forms L given in [18, 12] for quad-equations of the types Q1, Q3 δ=0 , H1, H2, H3, solutions of the corresponding systems of corner equations on an elementary 3D cube satisfy the respective octahedron relations.
But actually, a much more detailed statement can be made. It provides us also with an alternative proof of consistency of the corresponding systems of corner equations.
Theorem 10. For the discrete 2-forms L given in [18, 12] for quad-equations of the types Q1, Q3 δ=0 , H1, H2, H3:
• if any two of the corner equations are satisfied, then the respective octahedron relation is satisfied, as well;
• if any one of the corner equations and the octahedron relation are satisfied, then all other five corner equations are satisfied, as well.
In other words, all six corner equations are equivalent modulo the octahedron relation.
Proof. By a direct case-by-case computation. Let us describe the computation needed to prove the equivalence of corner equations (E i ) and (E j ), say, modulo the octahedron relation. Equation (E i ) can be solved for x ik in terms of the four fields x i , x j , x k , x ij . Substitution of this expression into the octahedron relation yields an equation which relates the five fields x i , x j , x k , x ij , and x jk . One has to check that this equation is algebraically equivalent to (E j ). We will illustrate this with the simplest example of the system of corner equations with L(x, y; α) = α log |x − y|, Λ(x, y; α, β) = (α − β) log |x − y|, corresponding to the cross-ratio equation Q1 δ=0 . Corner equation (E i ) is given by
To express x ik through the remaining variables, one transforms this equation to
Multiplying this by the octahedron relation,
one easily puts the result into the form
which, in turn, is easily transformable to equation
which is corner equation (E j ).
5 System of corner equations for a three-point 2-form not corresponding to quad-equations
In this section, we show that the general three-point ansatz (6) is not necessarily related to integrable quad-equations. Consider the Lagrangian 2-form (6) with the functions L and Λ defined by
and ∂ ∂x Λ(x, y; α, β) = log α − βe y−x β − αe y−x = − ∂ ∂y Λ(x, y; α, β).
We mention that the discrete time relativistic Toda system derived from this 2-form would be
The corner equation for this 2-form are conveniently written in terms of the field variable X = e x , and they read:
Theorem 11. The system of corner equations (E i ), (E ij ) is consistent. More precisely, any two of the corner equations within one elementary 3D cube are equivalent modulo octahedron relation
The discrete 2-form L is closed on solutions of the system of corner equations.
Proof. Consistency follows from the second claim, regarding the octahedron relation. The latter is verified by a direct computation, as outlined in the proof of Theorem 10.
Observe the appearance of the octahedron equation of the type (χ 4 ) in this example! The last statement, regarding the closedness of the 2-form L, will be proved at the end of the present section.
Proposition 12. Corner equations (E i ) and (E ij ) cannot be represented as quotients of the three-leg forms of quad-equations, multi-affine w.r.t. the variables X.
These equations can be written as quotients of three-leg forms of multi-affine quadequations:
Indeed, equation
is equivalent to the multi-affine quad-equation
Equation (16) is an obviously re-scaled form of Q3 δ=0 , so that the closedness of the 2-form L for the γ-deformed system of corner equations follows from the results of [18, 12] , as described in the proof of Theorem 7. Since the γ-deformation of both the 2-form L and the corner equations is regular, the closedness of the two-form stated in Theorem 11 follows.
On the other hand, the three-leg form (15) is the only object in this construction whose γ-deformation is singular, which explains the non-existence of the three-leg forms in Proposition 12.
As the last remark in this section, we mention that consistency of γ-deformed corner equations is governed by the following octahedron relation:
Also for this element of the construction, the γ-deformation is regular, and the limit γ → 0 leads to the octahedron relation (12).
Conclusions
In this paper, we formulated the notion of consistent pluri-Lagrangian systems, which, in our view, should be treated as an answer to the question posed in the title. However, much research is still to be done to justify this proposal. In particular, the relation to more common notions of integrability has only been demonstrated for one-dimensional systems [25] . We expect similar results for two-dimensional systems, as well.
The new definition seems to be capable of being put at the basis of the classification task. Classifying all consistent systems of corner equations (within a certain ansatz for the discrete 2-form) is therefore an extremely important problem.
It would be also very useful to elaborate on the precise relations of the new notion with its predecessors mentioned in the introduction (theory of pluriharmonic functions; Z-invariant models of statistical mechanics and their quasiclassical limit; variational symmetries). All this will be the subject of our ongoing research.
